We show that the vacuum energy of a free quantized field of very low mass can significantly alter the recent expansion of the universe. The type of particle we consider is of spin-0, but a higher spin field, such as a graviton of ultralight mass, may well affect the expansion in the same way. The effective action of the theory is obtained from a non-perturbative sum of scalar curvature terms in the propagator. We renormalize this effective action and express it in terms of observable gravitational coupling constants. We numerically investigate the semiclassical Einstein equations derived from it. As a result of non-perturbative quantum effects, the scalar curvature of the matterdominated universe stops decreasing and approaches a constant value. The universe in our model evolves from an open matter-dominated epoch to a mildly inflating de Sitter expansion. The Hubble constant during the present de Sitter epoch, as well as the time at which the transition occurs from matter-dominated to de Sitter expansion, are determined by the mass of the field and by the present matter density. The model provides a theoretical explanation of the observed recent acceleration of the universe, and gives a good fit to data from high-redshift Type Ia supernovae, with a mass of about 10 −33 eV, and a current ratio of matter density to critical density, Ω0 < 0.4. The age of the universe then follows with no further free parameters in the theory, and turns out to be greater than 13 Gyr. The model is spatially open and consistent with the possibility of inflation in the very early universe. Furthermore, our model arises from the standard renormalizable theory of a free quantum field in curved spacetime, and does not require a cosmological constant or the associated fine-tuning. PACS numbers: 98.80. Cq, 04.62.+v, 98.80.Es 
I. INTRODUCTION
There appear to be deep connections between phenomena at the microscopic quantum level and those at the macroscopic level described by general relativity. These connections were first elucidated by studies of quantum field theory in the classical curved spacetime of general relativity, particularly those involving particle creation by strong gravitational fields, such as exist in the early universe and near black holes [1, 2] . The framework of quantum field theory in the classical curved spacetime of general relativity appears to be quite robust, and is the one we employ in our present study. We are particularly concerned with certain non-perturbative gravitational contributions to the vacuum energy of quantized fields [3] .
We show that these contributions may account for the recent observations [4, 5] of type-Ia supernovae (SNe-Ia) that seem to imply that there is an acceleration of the recent expansion of the universe. In our model, the key new ingredient needed to account for the observations is the existence of a particle having a very small mass of about 10 −33 eV. This could be a scalar particle or one of higher spin, such as a graviton. It is well-known that in a Robertson-Walker universe, the linearized Einstein equations obeyed by the graviton field take the same form (for each polarization in the Lifshitz gauge) as the equation of a minimally coupled massless scalar field [6] . Inclusion of a mass of about 10 −33 eV in these equations would give effects similar to the ones studied here, and would evidently not conflict with other observations. We consider a scalar field for simplicity.
The effects we investigate stem from the discovery [3, 7] that a covariant infinite series of terms in the propagators of quantum fields in curved spacetime can be summed in closed form, to all orders in the curvature. The summed infinite series of terms are all those that involve at least one factor of the scalar curvature, R, (together with any number of factors of the Riemann tensor and its covariant derivatives) in the Schwinger-DeWitt proper-time series for the propagator. We will refer to this partially-summed form of the propagator as the R-summed form of the propagator. Although only the first several terms in the proper-time series have been calculated (because of their complexity), the R-summed form can be derived by means of mathematical induction [7] . A further reason to expect the R-summed form of the propagator to contain information of physical significance, is that the leading term in the R-summed form of the propagator follows directly from the Feynman path-integral expression for the propagator by means of a Gaussian integration about the dominant path [8] . Our results flow from the effective action that is obtained from the R-summed form of the propagator.
We leave for a later paper, the contribution of these non-perturbative gravitational effects to early inflation at the grand-unified scale and associated particle creation. In this paper, we focus on possible consequences of these non-perturbative terms in the effective action that may be observed today. As noted earlier, we find that these nonperturbative effects in the presence of an ultralight particle having a mass of about 10 −33 eV, give a good fit to the observed SNe-Ia data points. The effective action of our model has a single free parameter determined by the mass of the particle and its curvature coupling constant. In addition, there are two more parameters which characterize the solutions to the effective gravitational field equations. These can be taken to be the present Hubble constant and the present matter density. The Hubble constant is determined by low redshift measurements as usual. The mass of the particle, and the present matter density are given by a fit to the SNe-Ia data. The age of the universe, and the cosmic time, or red-shift, at which the non-perturbative contributions of the ultralight particle first become significant, follow from these parameters.
Our model involves a renormalizable free field theory in curved spacetime, and apart from the supposed existence of an ultralight mass, is based on previously discovered non-perturbative terms. Furthermore, it requires no cosmological constant in the usual sense of the term; and no fine-tuning of the value of the current cosmic time is necessary to explain the current observed value of the matter density.
The outline of this paper is as follows. In Sec. II, we calculate, by zeta-function regularization, the renormalized effective action that follows from the R-summed propagator. This confirms the result found with dimensional regularization by Parker and Toms [3] , and generalizes it to include the case when there is an imaginary part of the effective action. Variation of this effective action gives the Einstein gravitational field equations, including vacuum contributions of quantized fields. In addition, an imaginary part of the effective action implies a rate of particle creation in the same way as it does in quantum electrodynamics [9] . The effective action has infrared-type divergences which are treated separately in Appendix A.
The effective action at low curvatures gives rise to induced gravitational coupling constants, as is well-known. These constants depend on a renormalization scale parameter. In Section III, we consider the dependence of the induced gravitational constants on the renormalization scale, and identify the renormalized constants with their known values at low curvature. This identification is used to fix all the coupling constants in the effective action, in terms of their low curvature values, except the field mass m and its curvature coupling ξ. In this context, the conclusions of Ref. [3] are explored in greater detail and generalized here. Variations of various terms in the effective action are listed in Appendix B.
In Section IV, we clarify the meaning of exact and perturbative solutions to the semiclassical Einstein equations. In particular, we emphasize that a perturbative treatment inh must be done in such a way that only genuine quantum corrections are treated in a perturbative manner, while factors ofh which occur in the "classical" Klein-Gordon action are not treated perturbatively.
In Section V, we display a set of constant curvature (de Sitter) solutions, which exist even in the absence of an explicit cosmological constant term in the effective action. We show that, for ξ − 1/6 > 0, such solutions typically have Planckian curvatures and are therefore not of much physical interest. On the other hand, for ξ −1/6 < 0, we show that there exist de Sitter solutions with scalar curvature approximately equal to m 2 /(1/6 − ξ), and that such solutions exist for a wide range of values of m and ξ. As argued in later sections, these solutions could play a vital role at the present time, if there exists an ultralight particle with ξ − 1/6 < 0. In Section VI, we carry out perturbative calculations of the scalar curvature about a classical Robertson-Walker universe, containing classical matter and radiation. We find that quantum corrections to the classical scalar curvature of the universe can become significant at an epoch determined by the mass scale m = m/ 1/6 − ξ, for ξ − 1/6 < 0. Furthermore, we find that the quantum corrections tend to drive the scalar curvature to a constant value. These considerations lead to a scenario, presented in Section VII, in which quantum corrections to a matter-dominated universe cause a transition to a de Sitter solution of the type discussed in Section V. The various cosmological parameters in such a model universe are expressed in terms of three basic parameters to be determined by observation: the mass scale m, the present ratio of matter density to critical density Ω 0 , and the present Hubble constant H 0 .
In Section VIII, we develop this scenario further, using it to obtain magnitude-redshift curves, and comparing these curves to recent data from high-redshift Type 1a supernovae [5] . The mass scale m is determined to be roughly equal to 10 −33 eV, while Ω 0 is found to be less than 0.4. In Section IX, we derive from these parameters the age of the universe in our model, which is found to be greater than about 13 Gyr. Finally, in Section IX, we conclude with a discussion of our results and comment on future work.
The main results of this paper are summarized in Eqs. (38) and (43) (the effective action of the theory in terms of measurable gravitational coupling constants), Eq. (53) (the relationship between scalar curvature and mass during the late de Sitter phase), Eq. (86) (the scale factor in our model), Eq. (109) and the equations prior to it in Section VIII (the luminosity-distance-redshift relation), the discussion of the age of the universe in Section IX, and Figs. 3 and 4.
Throughout this paper, we use the metric signature convention (− + ++), and the convention for the Riemann curvature tensor
II. QUANTUM CORRECTIONS TO EFFECTIVE ACTION
Here we derive the regularized effective action based on the propagator for a scalar field in curved space. Parker and Toms [3] define the effective action via dimensional regularization of the Feynman Green function and by integrating the Green function with respect to the square of the mass. Here we will define it by zeta-function regularization.
To this end, consider a D-dimensional scalar field theory in curved spacetime, with classical action
where
, and we have ignored boundary contributions. The one-loop effective action, W 1 , is defined by the functional integral
and is related to the transition amplitude for evolution from the "in" vacuum state at early times to the "out" vacuum state at late times [9] :
For free fields, as considered here, the one-loop effective action, W 1 , gives the full quantum contributions of the matter field to the effective action. By formally performing the functional integral in Eq. (2), we get (see, for example [12] )
where we have introduced an arbitrary real quantity µ with the dimensions of mass in order to render Z dimensionless. In terms of the zeta function, formally defined as
the one-loop effective action can be expressed in the form
The proper-time heat kernel, K, is defined to satisfy the equation
with initial condition
Because Eq. (7) is a Schrodinger-like equation, the heat kernel may be formally represented as
with the inner product x | x defined by Eq. (8) .
The heat kernel gives a representation for the Feynman Green's function of the theory:
where we have added a small imaginary part to H for reasons of convergence. Also, using the Mellin transform to express the zeta function in terms of the heat kernel, one obtains
We now introduce the R-summed form of the heat kernel [3, 7] x | e −is(
where ∆(x, x ) is the Van Vleck-Morette determinant and σ(x, x ) is one-half the square of the geodesic distance between x and x . The quantity M 2 is, in general, a function of x and x with the property that it reduces in the coincidence limit to
where ξ ≡ ξ − 1/6. The form (12) of the heat kernel sums all terms explicitly involving at least one factor of the scalar curvature R, in the coincidence limit x → x. Away from the coincidence limit, M 2 can be taken to be the linear combination [7] 
with an arbitrary choice of a, and the function F will correspondingly depend on the value of a. F may be expanded in an asymptotic series in powers of s, namely,
In the coincidence limit x → x, F does not depend on a. We then have f 0 (x, x) = 1, f 1 (x, x) = 0, and
The f j for all j contain no factor of R (with no derivatives acting on it). Thus Eq. (11) becomes
The integral over s in the above expression is divergent at ν = 0 because of the singular behavior of the integrand as s approaches zero. 
which is regular in a neighborhood of ν = 0 1 . This definition of the ζ function therefore leads to a regularised one-loop effective action. From Eqs. (6) and (18), we get
. Fixing the renormalization scale µ is equivalent to fixing the (constant) phase of the out-vacuum relative to the in-vacuum in flat space, which can be chosen arbitrarily. We will find it convenient to define a rescaled version of µ by ln(
Then the one-loop effective action becomes
We may now substitute the R-summed Schwinger-DeWitt expansion (15) in the above formula for the effective action and perform the required differentiation and integration term by term. In doing so, we use the integral identity
for integer values of p. This procedure finally yields
1 We may equally well analytically continue in D instead of ν.
In two spacetime dimensions, the above formulae lead to the one-loop effective action
Similarly, in four spacetime dimensions, we get
and the one-loop effective action takes the form
This is the R-summed form of the effective action. The Gaussian approximation amounts to keeping only the term multiplying M 4 in the above series. The terms involving f 2 are required to obtain the correct trace anomaly. The first two terms in curly brackets in Eq. (30) agree with the earlier dimensional regularization results of Parker and Toms, except for the step function term θ(−M 2 ) which is purely imaginary and implies particle production when M 2 becomes negative (Parker and Toms assumed M 2 > 0). This step function term originates from the identity ln(x − i ) = ln | x | −iπθ (−x) . Within the R-summed form, therefore, the particle production takes on a very simple form, with M 2 = 0 being the threshold for vacuum instability, or the creation of particle pairs. It is conceivable that there are physical situations where the imaginary part of the first two terms in the above formula for the effective action very closely approximates the actual gravitational particle creation. In this paper, we do not deal with this issue further since it does not affect our results.
Note that Eq. (30) is only an asymptotic series expansion in inverse powers of M 2 , arising out of an expansion of the heat kernel which ignores, for example, terms that have essential singularities at s = 0. Only the first two terms (i.e. up to f 2 ) are necessary for renormalization and for the correct trace anomaly. Also, these terms include the convergent infinite sum involving the scalar curvature. Therefore, the approximate effective action based on these first two terms is sufficient to indicate the non-perturbative effects coming from the infinite sum of scalar curvature terms. This is the form of the effective action that we employ.
III. RENORMALIZATION AND OBSERVABLE GRAVITATIONAL COUPLINGS
Although we are dealing with a free field theory here, the logarithmic dependence of the effective action on the curvature in Eq. (30) leads to non-trivial effects in strong curvature regions [3] . Before we go on to a discussion of such effects, it is necessary to understand the contribution of the one-loop effective action to the full gravitational action in regions of low curvature. Also, we will now consider the possibility of having multiple particle species contributing to the one-loop effective action. For particles of spin 1 2 and 1, it has been shown in Ref. [7] that all terms involving R in the heat kernel can be summed in a similar manner to the spin 0 case, in a simple exponential form. We will therefore consider a generalization of Eq. (30) to the form
where we have inserted arbitrary, species-dependent coefficients n i , p i and q i , and a factor ofh is now made explicit. The imaginary term is not shown because we are interested here in the part of the effective action that corresponds to vacuum polarization. In the low curvature limit considered in this section, we can assume that M 2 i = m 2 i + ξR > 0, so there is no imaginary term. In later sections where M 2 i can be negative but the curvature is very small with respect to the Planck scale, the created particles make a negligible contribution to the classical matter already present in the Robertson-Walker universe under consideration. The terms of higher order in the curvature correspond to the asymptotic series sum in Eq. (30) and do not appear in Eq. (31). For higher spin fields, the heat kernel (and the Green's function) generally has a matrix structure. In evaluating the effective action in such cases, one performs an additional trace over all internal indices. It will be understood that such a trace has been carried out before arriving at Eq. (30). f 2 will be understood to mean the trace of the modified second Schwinger-DeWitt coefficient. The values of species-dependent coefficients for spin 1/2 are ξ = 1/12, n i = −4, p i = 1/2, and q i = 3/2.
At low scalar curvature (ξR m 2 ), one may expand the logarithm in Eq. (31) in powers of R. Noting that f 2i can be expressed as the linear combination
the leading terms in the 1-loop effective action then give
In the above expression, we have allowed for different renormalization points characterized by the different mass scales µ i . Changing these mass scales give rise to terms that can be absorbed into the bare gravitational action, as will be discussed below. However, one can still remove theμ i -dependence of the full effective action by using our knowledge of the observed gravitational coupling constants. To be precise, consider the bare gravitational action
where the counterterms are
µ 1, 2, 3, 4, 5 are arbitrary constants of dimension mass, and theμ i -dependence of the counterterms is required, following [3] , to cancel theμ i -dependence in the 1-loop effective action 2 . Adding Eqs. (33) and (34) we obtain the full effective action at low curvatures, as
where the subscipt o refers to the observed gravitational constants at low curvatures. These are combinations of the bare and induced constants, independent ofμ i , and given by
Note that one can always absorb the dependence of the observed constants on the µ i 's into the bare constants. We thus have some freedom in shifting terms within the above equations. However, as already stated, we may, in principle, use our knowledge of Λ o , κ o etc. in Eq. (36) at low curvature to explore the theory in regions of high curvature. Indeed, the full effective action in regions of high curvature now depends only on the observed values of the gravitational coupling constants at low curvature, on the physical particle masses m i and on the values of ξ i (these are fixed for higher spin fields). No other parameters enter into the effective action. To see this, we add Eqs. (31) and (34) 
where f 2i is given by
Here,
where G o is Newton's gravitational constant, and Λ o is the usual cosmological constant. Eq. (38) is a new result, relating behavior at high curvatures to values of the gravitational coupling constants at low curvatures. For scalar fields, ξ is the only undetermined parameter in the effective action. For higher spins, the which is why it is not necessary to introduce those divergences into the counterterms either (although this procedure of introducing counterterms could be bypassed in zeta-function regularization, it is necessary in other regularization schemes, such as dimensional regularization). In dimensional regularization [3] , one explicitly keeps track of the divergent pieces and introduces corresponding divergences in the counterterms. Since the divergences are ultimately canceled, one finally ends up with Eq. (37) in any case.
corresponding parameters have fixed values. We emphasize again that terms involving f 3 and higher, omitted in Eq. (38), constitute an asymptotic expansion in inverse powers of M 2 and are therefore not necessarily expected to be physically significant. The terms retained in Eq. (38) are the minimal set of terms necessary for renormalization and incorporate the sum of scalar curvature terms in the propagator. It is readily checked that Eq. (36) constitutes the first few terms in the low-scalar-curvature limit (| ξR | m 2 ) of Eq. (38). In subsequent Sections, we consider the gravitational field equations for a single scalar field, as derived from Eq. (38), and their consequences. Comparison of Eqs. (31) and (30) gives, for scalar fields, n i = 1, p i = 2, q i = 3. In Section V, we study the case of constant curvature spacetimes. In later sections, we generalize the investigation to Robertson-Walker universes containing matter and radiation. In the next Section, we clarify the usage of the terms "perturbative" and "exact" in this paper.
IV. MEANING OF EXACT AND PERTURBATIVE SOLUTIONS
In the previous section we derived the effective action, Eq. (38), appropriate to the R-summed propagator. All terms multiplied byh in Eq. (38) will be called "quantum-vacuum" terms, also referred to as one-loop terms, because they arise after vacuum fluctuations of the field have been integrated out in a path-integral formulation of the theory. However, note that factors ofh must also be included in the argument of the logarithmic terms for dimensional reasons. Indeed, one has
An approach that is completely perturbative inh would then involve expanding out the logarithmic terms. However, the factor ofh 2 appearing in the above equation has its origins in the generalized Klein-Gordon equation
whose solutions contribute to the tree-level effective action, as opposed to the quantum-vacuum or one-loop effective action. That is, theh 2 factor above does not arise from integrating out vacuum fluctuations. Furthermore, the quantity m 2 /h 2 is the square of the inverse Compton wavelength of the field, and need not be large relative to the curvature scalar. Therefore, it is reasonable to regard the logarithmic terms as non-perturbative when expanding in h. It is convenient to avoid explicitly inserting factors ofh in the arguments of logarithmic terms (more generally, in any term which contains M 2 ), with the understanding that the mass of the field is interpreted as an inverse Compton wavelength.
A perturbative analysis inh, as used in Section VI of this paper, therefore treats only the quantum-vacuum corrections in a perturbative fashion, while keeping the logarithmic terms intact. It is not inconsistent to do so, since it defines a regime in which the semiclassical corrections to the effective action are much smaller than the tree-level terms involving Λ o and κ o , yet in which the scalar curvature is allowed to be of the same order as the square of the inverse Compton wavelength. On the other hand, an exact analysis, as used in Section V below, treats even the quantum corrections in an exact fashion.
The reason we carry out both perturbative and exact analyses is as follows. Exact solutions play a significant role when the perturbative analysis breaks down (as signaled by a rapid growth in the contributions of quantum corrections to the metric). In order to obtain an understanding of the full dynamics of the metric, it is therefore necessary to construct both perturbative and exact solutions to the semiclassical Einstein equations.
It is well-known [14] that semiclassical equations of motion can be perturbatively reduced in a manner such that the resulting equations only admit solutions that are perturbative inh. It has been further argued that such solutions are the only physically viable solutions of the full semiclassical equations since they do not exhibit runaway behavior in the classical limit.
However, in Section V, we argue for the physical significance of our exact solutions. This argument is based on two observations. First, owing to the presence of a mass scale in the theory,h explicitly enters into the semiclassical equations only via the dimensionless ratio r ≡ m 2 /m 2 P l . This ratio is not necessarily small, although perturbation theory assumes that it is. Thus, there could be physical effects at large r, not encountered in perturbation theory.
Secondly, we will find exact solutions that cannot be expanded inh and have a well-defined limit as r → 0, i.e. they do not possess runaway behavior in the classical limit. Such solutions must therefore be regarded as physical solutions.
For these reasons, we believe that exact solutions that do not arise from perturbative reduction must be included in a complete analysis of solutions of the semiclassical Einstein equations, at least when a mass scale is present in the theory.
V. EXACT VACUUM DE SITTER SOLUTIONS
In this section, we will consider exact solutions to the equations of motion specialized to de Sitter spacetime. These equations simplify considerably for spacetimes of constant curvature. This simplification allows us to include in the effective action terms involving f 2 and R 2 . As we shall see, there is a rich variety of constant curvature de Sitter solutions, with the scalar curvature being highly sensitive to the value of ξ. We will argue that these solutions are physically viable although they do not appear in the perturbative reduction approach.
Consider, therefore, the effective action of Eq. (38), specialized to a single scalar field with mass m and curvature coupling ξ:
where we have assumed that the constants α 1o , α 2o and α 3o are negligibly small 3 . One may now use Eqs. (B1-B9) of Appendix B to obtain the equations of motion resulting from the variation of Eq. (43). When specialized to a constant curvature maximally symmetric spacetime, in which
these equations yield a single algebraic equation satisfied by the scalar curvature R:
Note that we recover Starobinsky inflation by first taking Λ o → 0 and m → 0, and then taking the limit ξ → 0. The resulting solution has scalar curvature R = 69120 π 2 κ oh −1 , in agreement with Starobinsky's results [15] . The Starobinsky solution is non-analytic inh and is not well-defined in the limith → 0. The existence of such solutions has motivated arguments in favor of the perturbative reduction scheme [14] , which discards such solutions in a selfconsistent manner.
However, such arguments weaken in the presence of an additional mass scale m in the theory. To see this, consider Eq. (45) rewritten in terms of the dimensionless variables
Recall that m refers to the inverse Compton wavelength of the particle, so y and r are indeed dimensionless. In terms of the actual mass of the particle, r is given by 3 For the purposes of this section, it is actually sufficient to assume that terms involving α1o, α2o and α3o combine to yield αof2+negligible contributions, where αo is some constant, because the variation of d 4 x √ −gf2 vanishes in a constant curvature spacetime. 4 The right-hand-side (RHS) of Eq. (45) gives the trace of a stress-tensor in de Sitter space which is not the same as the stress-tensor for the Bunch-Davies vacuum state. The stress-tensor on the RHS of Eq. (45) corresponds to a different state and is defined by variation of W . The leading terms of the stress-tensor agree with those arising from the Gaussian approximation of Bekenstein and Parker [8] , which is known to be a good approximation in de Sitter space, particularly for closely spaced points as are used in defining the stress tensor. 
where m P l = √ 16πκ oh . Eq. (45) then takes the form
The solution for y is a function of three dimensionless parameters: r, ξ and Λ o /m 2 . In a perturbative reduction approach, r is regarded as a small parameter and the solution for y is constrained to be an analytic function of r. However, it is plausible that the limith → 0 does not imply r → 0, i.e. that the mass m is rescaled in such a manner that r stays constant (or roughly constant) ash → 0. For example, in string theory, one would expect that all masses (including the Planck mass m P l ) are generated by a single scale (the string scale), in which case the dimensionless quantity r would be independent ofh. In the absence of knowledge of the precise nature of a fundamental unified theory, it is therefore prudent to consider the possibility that the parameter r is some finite quantity, not necessarily small, and to treat it in a non-perturbative fashion 5 . In subsection B, we give a further justification for the physical validity of solutions that arise without expanding in r. Namely, we find that for ξ < 0, these solutions have a well-defined classical limit ash (or r) → 0.
We now consider numerical solutions to the algebraic equation (49). This equation, in general, has solutions with both positive and negative scalar curvature. We will, however, focus on the positive scalar curvature solutions (y > 0), corresponding to an inflating de Sitter universe. 49) is the trivial solution y = 0, because, for y > 0, the LHS is always negative, while the RHS is always positive. However, addition of a non-zero value of Λ o allows the RHS to take negative values, and leads to a non-trivial solution with a value of y slightly lower than the classical value 4Λ o /m 2 . The deviation from classical behavior will typically be very small due to the extreme flatness of the LHS graph near the origin.
As one lowers the value of ξ towards (1080) −1/2 , the LHS acquires a local maximum (Fig. 1) . The position of this maximum is very sensitive to the value of ξ when ξ is close to the value (1080) 
For r = 1 (m = m P l ), the above equation implies a value of y approximately equal to about 10 91 . This value increases as r decreases (i.e. by decreasing m and holding m P l constant) and vice-versa. However R = m 2 y = m 2 pl ry will acquire a minimum value for some r > 1. Also, addition of a Λ o term tends to decrease the value of y and, consequently, R.
For 0 < ξ < (1080) −1/2 , there is a non-trivial solution with an extremely large value of y. An analytic approximation to Eq. (49) can be made once more, after noting that the term involving y 2 in the LHS is now the dominant term (this term vanishes when ξ = (1080) −1/2 ). Thus we obtain, in this regime, with zero cosmological constant,
y therefore scales linearly with r −1 . However, the scalar curvature itself is essentially independent of m in this regime, and is given by
The two equations above predict that y (or R) will decrease as ξ decreases. This behavior is borne out by numerical study. However, when ξ is extremely small, ξy can become small, and the large-ξy approximation breaks down. For very small values of ξ, the solution for y then increases with decreasing ξ, giving y → ∞ as ξ → 0 + , as expected from Eq. (49).
To summarize, for ξ > 0 and Λ o = 0, non-zero solutions for constant scalar curvature occur for ξ values very close to (1080) −1/2 (this corresponds to the curvature coupling ξ being very close to the conformal fixed point ξ = 1/6, because
2 is a small number). Such solutions also occur for ξ = (1080) −1/2 ; however, in this case, the curvature is typically many orders of magnitude greater than Planck size, and may thus be unphysical. It should be noted that a y value slightly larger than −ξ −1 corresponds to a small negative value of M 2 , and therefore the effective action evaluated on such a solution acquires a small imaginary part giving rise to a small rate of particle production. In the regime we consider in this paper, the effects of this particle production are negligible. To summarize, for ξ < 0, we find physically reasonable values (in the sense that they could be small with respect to m 2 P l ) of the scalar curvature, approximately given by
The qualitative behavior of the LHS of Eq. (49) for ξ = −(1080)
for a large range of values of r, ξ and Λ o . The approximation in Eq. (53) breaks down if Λ o = 0 and r 1, in which case the only solution corresponds to an extremely large scalar curvature (R m 2 P l ) whose precise value depends on r and ξ. This large R solution will give rise to a large imaginary contribution to the effective action, and so one expects copious amounts of particle production to occur, which could, in turn, bring the scalar curvature down to reasonable values. This would be consistent with a gravitational Lenz's law mechanism [1, 17, 18] . We do not address this issue here. Instead, we now turn to a perturbative analysis of the semiclassical Einstein equations.
VI. THE GROWTH OF QUANTUM CORRECTIONS TO THE SCALAR CURVATURE
In this section, we will analyze, the effect of logarithmic curvature terms in the effective action on a RobertsonWalker cosmology. We analyze this effect in two ways, valid for spatially open, closed and flat models. First, we consider a universe with mixed matter and radiation and assume that the scalar curvature is slowly varying so that its derivatives can be ignored. This analysis shows that perturbative (as defined in Sec. IV) quantum corrections to the scalar curvature can sharply increase in magnitude near a time t j that is determined by m and ξ. In particular, the existence of an ultralight mass in the theory can lead to significant quantum effects close to the present time. Since the background classical scalar curvature is decreasing, the effect of quantum corrections is to prevent the scalar curvature from decreasing further. However, as quantum corrections become more and more significant, perturbation theory breaks down and cannot be relied upon to give the full behavior of the scalar curvature. We then carry out a second analysis of the behavior of the scalar curvature for all times after t j , without using perturbation theory. This second analysis indeed reveals that, for t > t j , the scalar curvature tends to decrease extremely slowly, ultimately approaching a constant value. The analysis thus displays consistency with the original assumption of slowly varying scalar curvature.
In Section VII, we will use the behavior of the scalar curvature to construct a model universe in which a matterdominated cosmology transits to a mildly inflating de Sitter cosmology at the time t j .
A. Quantum Corrections to the scalar curvature
In this subsection, we will consider a classical Robertson-Walker cosmology with mixed matter and radiation, and treat the quantum effects involving logarithmic curvature terms in a perturbative fashion (recall the discussion in Section IV, which shows why an expansion of the logarithm itself is not appropriate in a perturbative treatment of quantum-vacuum terms). The universe will deviate from classical behavior when the quantum effects become sufficiently large. The essential idea is to allow for the possibility of quantum effects being significant at the present time. We will find that this is possible if there exist very light mass fields with ξ < 0.
Our starting point for the analysis here is the effective action of Eq. (43). Variation of this effective action, specialized to a Robertson-Walker metric, will generally yield terms involving derivatives of the scalar curvature R, in addition to the terms of Eq. (45). In this subsection, we assume that terms involving derivatives of the scalar curvature are negligible. We will find that, for light mass fields (m m P l ), this assumption is justified because derivatives of the scalar curvature remain small until the magnitude of the quantum-vacuum contribution to the scalar curvature itself becomes comparable to the classical contribution to the scalar curvature. Beyond this point, the perturbative analysis breaks down. In the next subsection, we carry out an exact analysis, valid for t > t j .
Although we ignore derivatives of the scalar curvature when carrying out the variation of Eq. (43), the resulting semiclassical Einstein equations differ from Eq. (45) in two important respects. First, the fact that the Robertson-Walker universe has fewer symmetries than de Sitter space gives additional terms in the semiclassical Einstein equations. Secondly, we will include a classical stress tensor source representing mixed matter and radiation. We also set Λ o = 0.
The trace of the semiclassical Einstein equations, expressed in terms of dimensionless variables, then takes the form of a simple generalization of Eq. (49):
where T is the trace of the classical stress tensor, and v is a quantity which vanishes in de Sitter space:
All quantum contributions are grouped in the LHS of Eq. (54), while its RHS contains classical terms. Consider now the full semiclassical Einstein equations with a classical stress tensor source representing mixed matter and radiation,
where ρ m and ρ r represent the matter and radiation energy densities, respectively, and O(h) represents the quantum contributions. The equation above implies
where R Q , as defined by Eq. (57) 
where k = −1, +1 and 0 denote spatially open, closed and flat universes respectively, we have ρ m ∝ a −3 and ρ r ∝ a −4 . It is then more convenient to express y and v in terms of the present matter and radiation densities ρ m0 and ρ r0 , and the redshift z. We therefore introduce new dimensionless variables d m and d r , given by
and the redshift z given by
where a 0 is the scale factor at the present time. Furthermore, owing to the fact that we will study the effect of very light masses, we also redefine the ratio m 2 /m 2 P l :
Eq. (54) can now be rewritten by substituting for y and v using Eqs. (57) and (58) with the redefined variables of Eqs. (60), (60), (62) and (63) above. The resulting equation, correct to leading order inh, gives an expression for the quantum correction to the scalar curvature, R Q , as a function of redshift. Dividing by
2(S−dr)
.
We wish to find the redshift ranges for which the quantum contribution to the scalar curvature is significant in comparison with the classical contribution (i.e. R Q /R cl of order 1). For very light masses (S > 150), numerical investigations of the ratio R Q /R cl as a function of redshift z, using Eq. (64) with | ξ | 1, reveal that there are two distinct regimes for which this ratio is close to or larger than 1. The first such regime occurs at extremely high redshifts (z > 10 26 ), close to the GUT scale. [In the standard cosmology, the Planck era occurs at a redshift of about 10 31 , while the GUT era sets in at a redshift of about 10 26 .] It is expected that quantum effects would play a significant role at such high redshifts. The second, unexpected regime for which the quantum-vacuum terms become large occurs at relatively low redshifts. This second regime exists only for ξ < 0, and occurs when the factor 1 + (1/2)ξ(1 + z) 3 e S−dm in Eq. (64) approaches zero. This corresponds to values of z near a redshift z j given by
In between these early and late regimes, the quantum contribution to the scalar curvature is extremely small and slowly varying, and the evolution of the universe is well-approximated by its classical evolution. Numerical investigation of the behavior of the ratio R Q /R cl for values ξ = −1 and d m 280, and for very light masses (S > 150), further reveals that in the late regime of significance of quantum vacuum terms (i.e. near z = z j ), the scalar curvature sharply increases as z → z j . Since z j depends on S (from Eq. (65)), and therefore on m, the value of m dictates the value of z j at which quantum vacuum terms can become significant. As we shall see later, an ultralight mass can lead to quantum vacuum effects becoming significant at roughly half the age of the universe. However, it is important to note that when the scalar curvature begins its rapid increase near redshift z j , quantum effects begin to dominate and the perturbative analysis itself breaks down.
For our purposes, we will only need the result that the ratio R Q /R cl tends to rapidly increase as z → z + j . The total scalar curvature R, which can be written as
is thus a product of a decreasing function (R cl ) and an increasing function. For z z j , R R cl decreases, and as z → z + j , the quantity R Q /R cl tends to suppress the further decrease of R. It will be useful to have an estimate of z j relative to the redshift at matter-radiation equality, z eq . The quantity z eq is defined by the condition of equality of matter and radiation energy densities:
Combining Eqs. (65), (67), (60) and (61), we get
As
6 With these ranges, we obtain
Thus, if −ξ is of order 1, we have z j z eq . It follows, for this range of masses, that the quantum corrections become significant at some time during the matterdominated stage of the expansion. In Section VII, we derive a formula for the cosmic time t j corresponding to the redshift z j , for a spatially open matter-dominated universe.
To find the scalar curvature at t j , we use Eqs. (60) and (61) to write
where ρ mj is the matter density at time t j , and the last equality in the above equation follows from the classical Einstein equations. Comparing the above equation with Eq. (65) shows that
We will now carry out a second analysis, valid outside the perturbative regime, which shows that the scalar curvature indeed approaches a constant value as z → z j (or t → t j ).
B. Behavior of the scalar curvature for t > tj
As t approaches t j , the arguments of the previous subsection show that the classical scalar curvature of the matterdominated universe approaches the value R j = m 2 . We will now argue that the scalar curvature does not decrease further for t > t j , i.e. it saturates to a value very close to, but slightly larger than R j . That is, we will show that there exist approximately de Sitter-like solutions to Eq. (54) for which the scalar curvature does not change significantly, although the matter density keeps decreasing, eventually approaching zero at very late times. We find that, for matter densities less than ρ mj there exist de Sitter type solutions of Eq. (54) of the form
such that | | 1, and R is an extremely slowly varying function of the matter density. We will assume throughout that the mass m is very light (r 1), and that −ξ is positive and of order 1. To show that Eq. (72) is indeed a solution, we substitute Eq. (72) in Eq. (54) and assume v 1, so that one can effectively ignore v. Then Eq. (54) takes the form
If
In fact, we show that it is small for any positive value of δ. In the small | | approximation, Eq. (73) becomes
To estimate v, we assume that it takes a value in between its value for a classical matter-dominated universe at time t j , and a de Sitter universe, for which v = 0. In a classical matter-dominated universe, v is given by Eq.(58) as
At time t j , ρ m = ρ mj = 2κ o m 2 . Therefore, at t j , we obtain
We therefore assume that, for t > t j , v lies in the range
It is convenient to define an additional quantity
For r 1, and v given by Eq. (78), it follows that | β | 1. One may now solve Eq. (75) for . This yields
In order to choose the correct sign in the above equation, we will require that the scalar curvature approach its classical value ρ m /(2κ o ) for large values of the matter density, i.e. for ρ m /(2m 2 κ o ) 1. For large matter densities, δ is a large negative number. To get the correct value of the scalar curvature, one must then choose the solution with the minus sign in the above equation. Even though this value of is not small, continuity demands that we keep the solution with the same sign for all δ. Thus we have
It is clear, for δ > 0, that | | is always a small number, reaching a maximum value of βξ at δ = 0 (we have assumed that r 1). The approximation | | 1, which was made in order to arrive at the solution (81), is thus valid for t ≥ t j . Within this range of time, the value of evolves from
when ρ m = 0 (δ = −ξ −1 ). The fractional change in the scalar curvature during this range of time is given by Eq.
(72) as
because | | 1 during the entire time range. Thus, with ∆ = (∞) − (t j ), we obtain
because r 1. To summarize, we have argued that, even in the presence of matter, there exist de Sitter type solutions in which the scalar curvature is very close to the value m 2 , and is very slowly varying, as long as the matter density is such that δ ≥ 0. For large negative values of δ, i.e. large ρ m in Eq. (74), it is clear that the scalar curvature continuously changes to the scalar curvature of a matter-dominated universe.
Coupled with the findings of the previous subsection, in which we showed that quantum effects near t j tend to prevent the scalar curvature from decreasing further, these results strongly point to a cosmology in which a matterdominated universe transits to a de Sitter-type universe. In the next subsection, we outline such a model.
VII. MATTER DOMINATED EXPANSION LEADING INTO ACCELERATED EXPANSION
The damping of scalar curvature, which begins at a time close to t j , supports the idea that the universe undergoes a transition from a matter-dominated phase to a mildly inflationary de Sitter phase. The arguments of the previous subsection show that the de Sitter phase is, to good approximation, described by a solution with ξ < 0 and R m 2 , of the type found in the Section V, and that the presence of matter does not significantly change such a solution. Within a rigorous framework, the matter-dominated and de Sitter phases must be joined in a sufficiently smooth manner to gaurantee regularity of all curvature components at the joining point. However, the perturbative analysis of the previous subsection shows that the quantum effects become significant over a short timescale, after which the scalar curvature approaches a constant value. This effect allows us to consider, for comparison with observation, an approximation in which an exact classical matter-dominated solution is joined (at time t j ) to a de Sitter solution generated by quantum effects. Assuming a spatially open cosmology (k = −1 in Eq. (59)), such a model is represented by the following scale factor:
Here, ψ parametrizes a(t) and t during the matter-dominated stage. For t > t j , including the present time t 0 , the universe is in a de Sitter phase. Of the five parameters, c 0 , α, t j , c 1 and the present cosmic time t 0 , that characterize the model based on Eq. (86), not all are independent. The scalar curvature at the time of joining, R j , must be equal to the constant scalar curvature during the later, inflationary phase, and is determined by the single scale m ≡ m/ −ξ. This requirement and the requirement of continuity of the scale factor at the joining point, constitute two constraints on the five parameters. The remaining three parameters can, for convenience, be taken to be (i) the present Hubble constant H 0 , (ii) the present ratio of matter density to critical density Ω 0 , and (iii) the mass scale m. Here, we express the five parameters defining the model of Eq. (86) in terms of these three basic parameters.
First, the scalar curvature during the later, de Sitter phase is given by 12α 2 . Setting this equal to m 2 , as required by the de Sitter solutions of Section V, we get the relation
The scalar curvature during the matter-dominated phase is given by R = 3c 0 a −3 . The classical Einstein equations, which hold during the matter-dominated phase, thus imply
where a j and a 0 represent the scale factor at t j and the present time t 0 , respectively, and ρ mj and ρ m0 are the corresponding matter densities. The second equality in the above equation follows from the fact that ρ m a 3 is constant during the evolution, a consequence of conservation of the matter stress-energy.
Thus, Eq. (88) gives
) is the present ratio of matter density to critical density.
The Hubble constant at the present time is given by Eq. (86) as
where a 0 is the scale factor at the present time t 0 . We solve for a 0 , and use Eq. (87) to get
Combining Eqs. (89) and (91), we obtain
We may obtain the scale factor at time t j , a j , by requiring that the scalar curvature of the matter-dominated phase approach the value m 2 as t → t − j . This condition yields
Substituting for c 0 from Eq. (92), we then have
To obtain t j , we use the matter-dominated solution in Eq. (86) to get
and
To obtain c 1 , we use the de Sitter solution in Eq. (86) to get
Finally, to obtain the present cosmic time t 0 , we again use the de Sitter solution, which yields
All parameters in the model are now expressed in terms of m, H 0 and Ω 0 .
In the next section, we will compare the predictions of this model to recent data from high-redshift Type 1a supernovae [5] , using magnitude-redshift curves obtained from our model.
VIII. COMPARISON OF THEORY WITH HIGH-Z SUPERNOVAE DATA; PREDICTION OF PARTICLE WITH MASS ∼ 10 −33 EV
Recent observations of Type 1a supernovae at high redshifts indicate a negative value of the deceleration parameter at the present time, i.e. an accelerating universe [5] . Previous attempts to account for this phenomenon invoke a cosmological constant, or a classical scalar field, quintessence [21] , with unusual potentials. To explain the observed acceleration effect by means of a cosmological constant, it must contribute a term to the Einstein equations that is of the same order of magnitude as that attributed by the present matter density. On the other hand, quintessence models that account for the acceleration effect typically involve potentials that would give rise to nonrenormalizable quantum field theories.
In the model we present here, the value of H 0 is fixed by low-redshift measurements, while the remaining free parameters m and Ω 0 are determined by the SNe-Ia data. Once the mass scale m is determined, no fundamental parameters in the effective action need be chosen to fit the supernovae data. Furthermore, the theory we work with arises out of a renormalized effective action.
Comparison of our model to SNe-Ia data is achieved by fitting calculated magnitude-redshift curves to the data. The difference between the apparent magnitude (m) and absolute magnitude (M ) of a source is given in terms of the luminosity distance d L to the source, by
The luminosity distance itself is given by [22] 
where a 0 is the present scale factor, and r 1 is the comoving coordinate distance from a source at redshift z to a detector at redshift 0. For Robertson-Walker universes, r 1 is given by the equation
where k = 0, +1, −1 correspond to flat, closed and open universes, respectively. For a spatially open universe, the above equation reduces to
Consider a universe represented by the model of Eq. (86), which is a spatially open matter-dominated universe prior to time t j , and transits into a de Sitter universe at t j . Let z j be the redshift at time t j . For z < z j , the universe is in a de Sitter phase, with Hubble constant given by
Substituting the above into Eq. (102), and performing the integration, we obtain, for z < z j ,
where r 1< (z) denotes r 1 (z) for z < z j . For z > z j , the RHS of Eq. (102) separates into two contributions:
where r 1> (z) denotes r 1 (z) for z > z j . During the matter-dominated phase, the Hubble constant is calculated as
Using Eq. (103) for z < z j and Eq. (106) for z > z j , the integrations in Eq. (105) may be performed to yield
Eq. (100) gives the luminosity distance, d L1 , for this model, as
For comparison, the luminosity-distance-redshift relation for a matter-dominated Robertson-Walker universe with zero cosmological constant and ratio Ω 0 of present matter density to critical density, is
and for a spatially flat matter-dominated (Ω 0 = 1) universe,
It is convenient (see Eq. (99)) to define 
IX. THE AGE OF THE UNIVERSE
As stated earlier, the only fundamental scale that enters into the effective action of the model presented here is m. Nevertheless, as we show now, the fit of our model to supernovae data predicts reasonable values for the age of the universe t 0 .
The relations derived in Section VII, leading up to Eqs. 
Therefore, in both cases a reasonable value of roughly 13 billion years is obtained for the age of the universe. More data at higher redshifts may lower the value of Ω 0 in our model, which would further increase the age of the universe. Fig. 4 contains plots of the scale factor versus cosmic time for the two solid curves of Fig. 3 . In each case, the open matter-dominated universe that transits to the de Sitter phase is shown continued as a dashed curve, for comparison.
X. CONCLUSIONS
In summary, we showed that a model in which a transition occurs from a matter-dominated to a de Sitter expansion, fits the SNe-Ia data. We call such a model, a transitionary universe. Also, we have proposed a free quantum field theory effective action, Eq. (38), in which such a transition evidently occurs. The existence of a particle of very low mass would cause the universe to make a transition from the matter-dominated to a new de Sitter stage. In our model, one can say that we are now observing the mass scale of this particle through the SNe-Ia data.
Models involving interacting fields may also give a transitionary universe, and such models would be natural extensions of the free field model presented here as the simplest case.
We emphasize once again that the solutions to the gravitational field equations we obtain, in particular the de Sitter solutions for ξ < 0, exist without the necessity of a non-zero cosmological constant term in the effective action. Furthermore, these solutions are fairly insensitive to the presence of a cosmological constant term. In this manner, our model does not suffer from the problem of fine-tuning of the cosmological constant, which exists in mixed matter and vacuum energy models.
The present matter density and the predicted age of the universe agree well with the current estimates. As in other models, a value of Ω 0 not far from 1 may result from a period of early inflation. Further constraints on Ω 0 and m in our model could result from comparison to cosmic microwave background data, as well as from the time-temperature relationship during nucleosynthesis. We hope to carry out such a comparison in the future.
Finally, we would like to mention that the R-summed form of the effective action could have consequences for early universe cosmology as well. In particular, the existence of an imaginary term in the effective action, implying particle creation effects, could play a role in the exit from an inflationary universe. In future work, we plan to pursue these ideas as well as to carry out a dynamical calculation giving the details of the transition between the matter-dominated stage and the later de Sitter stage of the expansion. 7 . However, the term f 2 ln(M 2 ) is also divergent in this limit and is physically required for renormalization of ultraviolet (UV) divergences and to obtain the trace anomaly. It is therefore of interest to examine in detail the divergent behavior of this term as M 2 → 0. We will show here that this divergence, although infrared in nature, can be absorbed into the ultraviolet divergences of the theory by a procedure similar to the way infrared divergences at m = 0 are handled in the usual one-loop effective action [11] . To this end, we will consider the one-loop effective action (30), truncated up to the terms involving f 2 . We will work within the dimensional regularization scheme, which is more useful than the zeta function scheme in this context because the divergent terms are explicitly displayed.
First, Eq. (4) implies the following proper time representation of the effective action [9, 11] :
which may be evaluated in terms of the incomplete Gamma functions γ(α, x),
We may now take the limit → 0 of the above expression by using the power series expansion [23] γ(α, x) =
This yields, after some simplification 
